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Abstract 

Let Ti : L2(0, 2 ) — » L2(0, 2 ) be a partial integral operator with the ker- 
nel from C(f2 3 ) where f2 — [a, 6]". In this paper we investigate solvability 
of a partial integral equation / — xTif = go in the space L2(0 2 ) in the 
case when x is a characteristic number. We proved the theorem describing 
the necessary and sufficient condition for solvability of the partial integral 
equation / — xTif = go- 
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In the models of solid state physics [1] and also in the lattice field the- 
ory [2], there appear so called discrete Schrodinger operators, which are lattice 
analogues of usual Schrodinger operators in a continuous space. The study of 
spectra of lattice Hamiltonians (that is discrete Schrodinger operators) is an 
important matter of mathematical physics. Nevertheless, on studying spectral 
properties of discrete Schrodinger operators three appear partial integral equa- 
tions in a Hilbert space of multi- variable functions [1,3]. Therefore, on the 
investigation of spectra of Hamiltionians considered on a lattice, the study of 
a solvability problem for partial integral equations in L2 is essential (and even 
interesting from the point of view of functional analysis). 

A question on the existence of a solution of partial integral equation (PIE) 
for functions of two variables was considered in [4-8] and other works. In the 
work by author [9], the PIE / — xT±f = go was studied in the space L2(f2 2 ), 
where il = [a, b] lJ , for a partial integral operator (PIO) T-y : L2(il 2 ) — > i^2(^ 2 ) 
with the kernel k(x, s, y) being a three variables continuous function on f2 3 . The 
concept of determinant for the PIE as a continuous function on Vl and concepts 
of regular number, singular number, characteristic number and essential number 
for a PIE are given. Theorems on solvability of the PIE are proved in the case 
when x is the regular and essential number [9] . In this paper we study solvability 
of the PIE / — xTif = go when k is the characteristic number, i.e. the paper 
continues the work by author [9]. 

Let L = L°(fi) be a space of classes of complex measurable functions b = 
b{y) on VI. We define in the space i°(f2) the norm of an element b G L°(£!) by 
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the equality ||b|| = yj '/ \b(t)\ 2 dt. 

We denote by L 2: o{^t 2 ) the totality of classes of complex measurable func- 
tions ,f(x,y) on £1 x O satisfying the condition: / |/(x, y)\ 2 dx exists for al- 
most all y G O. It is easy to note that L 2 ,o(^ 2 ) is a linear space over C and 
L 2 {£L 2 ) C L 2fl (tt 2 ). For each 6(y) G L° and f(x,y) G L 2 ,o(^ 2 ), we define the 
function & o / by the formula (6 o /)(x, y) = b(y)f(x, y). Then for any b G L° we 
have bo f e L 2 fl{£l 2 ), where / G L 2 ,o(^ 2 )- For any /, g G L 2 ,o(^ 2 ), the integral 
f f(x,t)g(x,t)dx exists at almost all t G f2 and <^(i) = J f(x,t)g(x,t)dx G L°. 

Let V be the Boolean algebra of idempotents in L°. A system {/i, / 2 , . . . , /„} C 
^2,o (^ 2 ) is called V '-linearly independent, if for all 7r G V and &i(y), b 2 (y), . . . , 6„(y) G 

n 

L° from ^ 7r o o = it follows 7r • &i = n ■ b 2 = • • • = n ■ b n = 9 [10,11]. 

fe=i 

Consider the mapping (•, •} : L 2 fl{£l 2 ) x L 2i0 (^ 2 ) — > L° acting by the rule 
(/, .9) = y /(«, 2/)5(s, y)ds, /, 5 € i 2 ,o(^ 2 )- 

For every 6 G L°, we have (6 o /, g) = b ■ (f,g), where /, g G L 2 ,o(^ 2 ), i.e. 
the mapping (•, •) satisfies the condition of L°-valued internal product [11]. 

In the space H = L 2 fl{$l 2 ), we consider a partial integral operator (PIO) S 
defined by 

Sf = J q(x, s, y)f(s, y)ds, f G H 
n 

where q(x, s, y) G L 2 (£l 3 ). The function q(x, s, y) is called kernel of the PIO Si. 
A kernel q(s,x,y) corresponds to the adjoint operator SI, i.e. 



S*f = J q(s,x,y)f(s,y)ds, f G H. 



Consider a family of operators {S a } a ^ n in L 2 (Cl) associated with Si by the 
following formula 

S a (p = J q(x,s,a)tp(s)ds, <p G L 2 (fl), 

Q 

where q(x, s, y) is the kernel of S. 

Further, if the set of integrability of an integral is absent, we mean integra- 
bility by the set 0. 

Now we consider the equation 

/ - xSf = g , (1) 

in the space TL where / is an unknown function from 7i, go G Ti is a given 
function, x G C is a parameter of the equation. 
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For each n G N, we define the measurable function 

n (n) =rt n \x 1 ,...,x n ,s 1 ,...,s n ,a) 
on Sl n x Sl n x f2 by means of an n-ordinary determinant by the equality 

q(x 1 ,s 1 ,a) ... q(x 1 ,s n ,a) 

q(x„,si,a) ... g(x„,s„,a) 

Now, for every x G C wc "formally" define functions Di(y) = Di(y; x) on 
fi and Mi(x,s,y) — M\{x,s,y;x) on SI 3 by means of the sum of measurable 
functional series composed from sequences of measurable functions d n (y) on fl 
and q n (x, s, y) on SI 3 , respectively, by the following rules 



D 1 {a) = l + Y,—^-d n {a), a e SI (a) 

and 



Mi (a;, s, a) = q(x, s, a) J~] j — q n (x,s,a), (x,s,a)eSl 3 (b) 

where 



Qk 



dfc(o) = J ...J n« , . . . , 6 , • • • , &, «)dM& ) • • • <*M&)> 
(a;, a, a) = / •■■ / n (fe+1) (x, 6, • ■ • , 6, s, • ■ • , &. . . . d/i(&). 



Lemma 1. for eac/i x G C i/ie functions Di(y) = D\{y; x) (a) and M(x,s,y) = 
M(x, s, y; x) (6) are measurable on SI and Q 3 , respectively. Moreover, for almost 
all a & SI, there exists the integral J J \M\(x, s, a)\ 2 dxds. 

Proof. It is clear that the operator S is compact for almost all a G SI. Let 
x G C be an arbitrary fixed number. We respectively denote as A a (x) and 
M a (x, s; x) the determinant and the Fredholm minor of the operator I — xS a 
for a G SI where / is the identity operator in L2(Sl). Let f n (y) & n d ip n (x, s, y) be 
the partial sums of the functional series (a) and (b) , respectively. We have the 
sequences of measurable functions <p n (y) on SI and ip n (x,s,y) on ft 3 such that 
lim ip n (y) = A^\x) = Diy;x) for almost all y G SI and lim ip n (x,s,y) = 

n— »oo n— >oo 

My X \x, s; x) = Mi(x, s, y; x) for all x, s G SI and for almost all y G SI. Therefore 
the function D\{y) — Di(y; x) and the function M\(x, s, y) — M\(x, s, y; x) are 
measurable on SI and SI 3 , respectively. It is known that if the kernel h(x, s) of 
the integral operator Aip = J h(x, s)ip(s)ds, ip G L2{ST) is an element of the space 
L2(Sl 2 ), then the minor M(x, s; x) of the operator / — xA is also an element of 
the space L 2 (^ 2 ) []• Hence we have 



// 



\M\{x, s, a)\ 2 dxds < oo for almost all a G SI. 

□ 
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The measurable functions D\{y) = Di(y; x) and M\{x, s, y) = M\{x, s, y; x) 
are respectively called the determinant and the minor of the operator E — xS, 
x E C, where / is the identity operator in L 2 ,o(^ 2 )- 

Lemma 2. Let S : L 2 fl(fl 2 ) — * L 2 fl(fl 2 ) be a PIO with the kernel q E L 2 (f2 3 ). 
If the homogeneous equation ip — xS a ip = 9, x E C, has only the trivial solution 
in L 2 (fl) for almost all a E 0', i/ien PIE (1) is solvable in the space L 2 fl{fL 2 ) 
for every g a E L 2i0 (^ 2 ). 

Proof. Let x G C, gof^) 2/) be an arbitrary function from the space L 2i o(^ 2 )- Let 
the homogeneous equation ip — xS a (p = 9 has only a trivial solution in the space 
L 2 (fl) for almost all a G fl' . Then Di(a) = Di(a; x) ^ for almost all a E ft 
and the equation ip(x) — x(S a tp)(x) = h a {x) has a solution (p a (x) E L 2 (fl) for 
almost all a E SI' where h a (x) = go(x, a) E L 2 (fl). Moreover, the solution (p a (x) 
has the form [] 

1 \ 7 1 \ f MUx, s, a; x) , 
V? Q (x) = h a {x) + x / — — — h a (s)ds. 



We have 



Mi (a;, s, a; x) 



Z?i(a;x) 



L>i(a;x) 



dxds < 00 for almost all a E fl- 



it means that we can define a PIO W = W(x) : L 2 fi(fl 2 ) — > L 2 ,o(^ 2 ) with the 
kcrnc l []. Therefore we have f (x,y) = 5o (^,y) + x(W$o)(a;,y) & 

L 2 .o{fl 2 ) an d = fo{x,a) for all a; G fl and for almost all a E ft. So the 

function fo(x,y) is a solution of the equation (1). □ 

The following two propositions are proved analogously to Propositions 1 and 
2 from []. 

Proposition 1. Let S : L 2 ${Sl 2 ) — ► L 2 ,o(^ 2 ) be a PIO with the kernel q G 
L 2 (fl 3 ). Then the following two conditions are equivalent: 

(i) a number A G C is an eigenvalue of the operator S; 

(ii) a number A G C is an eigenvalue of operators {S a } ae n a where VIq is a 
subset of fl such that /x(fio) > 0. 

Proposition 2. If A G C is an eigenvalue of the PIO S : £ 2 ,o(^ 2 ) — ► L 2 fl{Q 2 ) 
with the kernel q(x,s,y) G L 2 (fl 3 ), then the number A is an eigenvalue of the 
operator S* . 

Theorem 1. Let S : L 2i o(fl 2 ) — > L 2> o(^ 2 ) be a PIO with the kernel q(x,s,y) E 
L 2 (fl 3 ). Then every eigenvalue of the PIO S corresponds only to a finite number 
of V -linearly independent eigenf unctions. 

Proof. Let A E C be an eigenvalue of the PIO S and 

A> h, ■ • ■ , f m (2) 



4 



be some V-linearly independent cigenfunctions, i.e. 



Xf j (x,y) = (Sf j )(x,y), j = l,2,...,m. (3) 

Since any linear combination of the eigenfunctions (2) of the operator S with 
coefficients from L° is also an eigenfucntion, we can apply to the functions 
(2) the process of L°-orthogonalization [12]. Thus, we can assume that the 
functions (4) are mutually orthogonal and normed in the sense of M°-valucd 
internal products, i.e. 

(fi, fj) = 0, i ^ j and (/;, /;) = 1. 

Therefore we can rewrite (3) in the following form 



A • fj(x,y) = (S*fj) (x,y) = j q{x,s,y) ■ fj(s,y)ds. 

From here, it is easy to see that at almost all x G 17 the left side of this equality 
is a L°-valued Fourier coefficient of the function q(x, s, y) as and it is a function 
of (s,y) with respect to the orthogonal normed system (2). By the Bessel 
inequality [12], one can write 

m ^ 

|A| 2 \ fj(x,y)\ 2 < I \q(s,x,y)\ 2 ds for almost all ie!l. 

If we integrate both parts of this inequality by x and y, we obtain 

m<\X\~ 2 J J J \q(x, s, y)\ 2 dxdsdy < oo. 

Hence, the number of V-linearly independent functions, corresponding to the 
eigenvalue A, is finite. □ 

Let S be a PIO with the kernel q(x,s,y) £ L2(fl 2 )- A number xo G C is 
called a characteristic value of the PIE / — xoSf = go if the homogeneous 
equation / — xoSf = has a non-trivial solution. From here, it is clear that 
any characteristic value kq of the PIE / — xSf = go is non-zero. 

Corollary 1. Let S : L 2 ,o(Q 2 ) — > L 2 .o(Q 2 ) be a PIO with the kernel q(x,s,y) e 
L2(£l 3 )- Then any characteristic value of the PIE f — xSf = go corresponds 
only to finite number of V-linearly independent eigenfunctions. 

Theorem 2. Let x be a characteristic numberof the PIE (1). Then the homo- 
geneous PIE 

f - *Sf = (4) 
and the adjoint homogeneous PIE 

f-xS*f = (4') 

have the same number of V -linearly independent solutions. 



5 



Proof. Let f\ , . . . , f m and gi, ■ ■ ■ ,g n be V-linearly independent solutions of the 
the homogeneous equations (4) and (4'), respectively. Assume that m < n. We 
can suppose that fi, ■ ■ ■ , f m an d gi, ■ ■ ■ ,g n are orthonormal systems in the sense 
of L°-valued internal product. 
Define the function 

m 

P(x,s,y) = q(x,s,y) f j (s,y)g j {x,y). 
j=i 

We have p(x, s,y) <E L 2 (0 3 ) since fj,gk S ^2(^ 2 )- Consider two homogeneous 
PIE: 

/ - xWf = (5) 

and 

f-xW*f = {) (5') 

where W is the PIO with the kernel p(x, s, y). 

Let h(x,y) be a solution of the equation (5). Then we have 

(h,9j) = (xWh,g 3 ) = {h,HS*gj)->t{h,fj) = (h,gj)-x(h,fj) , j = 1,2, . . . ,m. 

Hence, by virtue of x 7^ 0, 

(h,fj)=0, j = l,2,...,m. (6) 

Thus, any solution of the equation (5) satisfies the conditions (6). But by virtue 
of this conditions, one can rewrite the equation (5) in the form / — >tS f = 0, 
i.e. any solution of the equation (5) satisfies the equation (4), too. We obtain 
that a solution h(x, y) of the eqaution (5) is to be in the form 

m 

h(x,y) = ^2{b j of j )(x,y), b^L , j = 1, 2, . . . ,m. 

771 777 

ButwehaveO= (h, f k ) = E (bj°fj,fk) = E b j-(fjJk) =b k ,k = 1,2,..., m. 

Thus, we have h(x, y) = 0, i.e. the homogeneous PIE (5) has only the trivial 
solution. We show that the adjoint equation (5') has non-trivial solutions. If we 
substitute g{x,y) — gu{x,y), where k > m, in the equation (7') then we obtain 
g k = x*W*gk- Thus, we obtain the contradiction to Proposition 2: the equation 
(5) has only the trivial solution, but the adjoint equation (5') has a non-trivial 
solution. Hence the case m < n is impossible. One can prove similarly that the 
case m > n is also impossible and we obtain that m = n. □ 

Theorem 3. Let >cq be a characteristic number of the PIE (1). Then: 

a) the homogeneous equation f — xoSf = has a non-trivial solution, more- 
over the set of all solutions of the homogeneous equation is an infinite dimen- 
sional subspace ofH; 



6 



b) PIE (1) is solvable if and only if a given function go satisfies the condition 

(.90,5) -0, (7) 

where g <E H is an arbitrary solution of the adjoint homogeneous equation f — 
Je S*f = 0. 

Proof. The proof of the property a) follows immediately from Propositions 1 
and 3. We prove the property b). 

i) ("if-part") Let xo be a characteristic number of the PIE (1) and fo G H 
be a solution of the PIE (1) and g € H be an arbitrary solution of the adjoint 
homogeneous equation / — JcqS* f = 0. Then 

(fo,g) = {go + xoSfo,g) = (go,g) + (xoSf ,g) = (go,g) + {fo,*oS*g) = 

= (.90,. 9> + (/o,.9>- 

Therefore we have (go,g) = 0. 

ii) ("only if'-part) Let xo be a characteristic number of the PIE (1). Suppose 
that g satisfies the condition (I), i.e. (go,g) = for every solution g € H of the 
equation / — HqS* f = 0. 

Consider the function p(x, s, y) £ L 2 (Q 3 ) given by the equality 

m 

p(x,s,y) =q(x,s,y) fj(s,y)gj{x,y), 
i=i 

where /i, fi, . . . , f m and gi, g 2l ■ ■ ■ , g m are orthonormal systems of the solutions 
of the equations (4) and (6'), respectively, in the sense of L°-valued internal 
product. Then for almost all a € f2 the homogeneous Fredholm equation <p — 
KoWaf — has in L2(fi) only the trivial solution [10] where W a is an integral 
operator in L,2(SY) with the kernel p(x, s,a). Hence by Lemma 2 the PIE / — 
^oWf — go has the solution fo eHof the form 

m 

fo = g (x, y) + xoSfo{x, y) - x ^(/o, fj) ■ gj(x, y). 

3=1 

Therefore, we obtain that 

m 

{So, 9k) = (.9o,fffc> + (x Sfo,gk) - ^{So,Sj} ■ {xogj,gk) = 

3=1 

= {So,xoS*gk) - x (/o,/fe) = (,/o,.9fe) - xo(fojk), 

i.e. {fo, fk) = 0, since ko ^ 0. Thus, the solution fo of the equation / — xqW f = 
go has the form fo = go + >*oSfo and hence, the function fo is also a solution of 
the PIE (1) at x = x . □ 
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If there exists a number C such that 



\b(t)\ < C for almost all t G Q, (II) 

then the PIO S is a bounded operator on the space L 2 (f2 2 ), i-e Sf G L 2 (f2 2 ), 
V/ G L 2 (Q 2 ) C L 2i0 (r! 2 ) and \\S < Coll/lkcn*) for all / e £ 2 (r> 2 ) 
where Co is a positive number, = J J \q(x, s, t)\ 2 dxds. 

Let k(x,s,y) G C(f2 3 ). Then the subspace L 2 (f2 2 ) is invariant for the PIO 
Ti : (T\f)(x, y) = J k(x, s, y)f(s, y)ds. Therefore it is possible to study solvabil- 
ity for the PIE 

/ - xT\/ = ,g (7) 
and it is uniquely defined by its kernel k(x,s,y), where 

b(t) = j j \k{x,s,t)\ 2 dxds. 
a, n 

in the space L 2 (J7 2 ) where / is an unknown function from L 2 (£l 2 ), g Q G i 2 (il 2 ) 
is given (known) functionm k G C is a parameter of the equation. 

Let %Ti be a set of characteristic numbers for the PIE (7) (see [9]). Definition 
of characteristic number [9] and Theorem 3 we obtained imply 

Theorem 4. Let kq G xt x ■ Then 

a) the homogeneous equation f — xT\f = 9 has a non-trivial solution, more- 
over the set of all solutions of the homogeneous equations is an infinite dimen- 
sional subspace o/L 2 (f2 2 ); 

b) PIE (7) is solvable if and only if a given function go satisfies the condition 

J g (s,y)g(s,t)ds = for almost all t G O (HI) 
where g G L 2 (£l 2 ) is an arbitrary solution of the adjoint homogeneous equation 

f-wr 1 *f = e. 
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